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It was shown by Singhi that there are 21 nonisomorphic block designs BD 
(10, 5; 18, 9,4) which are residual designs of (19, 9,4) Hadamard designs. In this 
paper we show that there are no other block designs with these parameters, i.e., 
each such design is embeddable in a symmetric design. We give a complete list 
of these designs and their automorphism groups. 
1. JNTRODUCTI~N 
We assume that the reader is familiar with the definitions of block design, 
residual design, and the elementary theory and terminology of this part of 
combinatorial theory (cf. [3]). We use the notation BD(u, k; b, r, A) for a 
block design D consisting of b blocks of size k from a set {PI, P, ,..., P,) of 
u points. Here r is the number of blocks containing a given point Pi and h is 
the number of blocks containing a given pair of points {Pi , Pj}. The incidence 
matrix N of the design D is the b x u matrix defined by 
1 n.. .= if Pj is in block Bi , 23 . 0 otherwise. 
where B, , B, ,. ., B,, are the blocks of D. The complementary design D is the 
BD(v, v - k; b, b - r, b - 2r + X) with incidence matrix J - N (where J 
is the all-one matrix of the appropriate size). The group of permutations of 
the points PI, Pz ,..., P, which have the property that every block Bi is 
mapped into some block Bi is called the automorphism group of D. 
It is known that a block design which has the parameters of a residual 
design does not have to be such a design (cf. [I, 21). As an attempt to find a 
smaller example than the known ones we investigated block designs with the 
parameters u = 10, k = 5, b = 18, r = 9, h = 4 (This research was carried 
out in 1972.) In the meantime Singhi (cf. [5]) investigated designs with the 
same parameters, starting from the other side; i.e., he considered the six 
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nonisomorphic (19, 9,4) Hadamard designs and from these constructed all 
possible nonisomorphic residuals In this way he found 21 nonisomorphic 
BD(l0, 5; 18, 9, 4). 
Since we found that there are only 21 nonisomorphic designs with these 
parameters it seems worthwhile to publish these results. A consequence of 
our findings is that each BD(l0, 5; 18, 9,4) is embeddable in a symmetric 
design (which is not the result we had hoped for!). 
In a similar way as described in this paper, we have found that there exist 
exactly 11 nonisomorphic BD(9, 4; 18, 8, 3). 
2. DESCRIPTION OF BD(l0, 5; 18, 9, 4) 
In the following D is a BD(l0, 5; 18, 9, 4) on the point set (P, , P, ,..., Plo} 
with blocks B, ,..., BIB and incidence matrix N. Let B be one of the blocks. 
We denote by Q the number of remaining blocks which have i points in 
common with B. Then we have 
g7, = b - 1 = 17, (2.1) 
il in< = k(r - 1) = 40, (2.2) 
g2 ( ;) 4 = ( ; ) (A - 1) = 30. (2.3) 
It is elementary to check that Eqs. (2.1) to (2.3) have only two possible 
solutions, namely, 
n, = 0, n, = 0, n, = 12, I?3 = 4, n4 = 1; (2.4) 
n, = 0, It1 = 1, 112 = 9, n3 = 7, n4 = 0. (2.5) 
We shall wish to make a finer distinction between types of blocks later on 
but at present we can already distinguish between blocks B for which the 
intersection numbers ni are given by (2.4), respectively (2.5). In the first case 
we shall call B of type (2123441}, in the second case of type (112g37}. This 
notation was also used by Preece (cf. [4]) who listed designs with 0, 10, or 18 
blocks of the first type. In his notation {2123441}1* denotes a design D for 
which all 18 blocks are of the first type. We shall consider designs {112g37}1s in 
Section 3. At present we assume that there is at least one pair of blocks of 
type {2123441}. Let these blocks be B, and B, . W.1.o.g. we may assume that 
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B1 n B, = {P1 , Pz , Pa, Pa}. Let mi denote the number of remaining blocks 
which have i points from the set Bl n Bz . Then we have 
iomi = b - 2 = 16, (2.6) 
il hi = 4(r - 2) = 28, (2.7) 
is ( i ) mi = (3 (A - 2) = 12. (2-Q 
Equations (2.6) to (2.8) have as the only solution 
m, = 0, m, = 4, m2 = 12, nl.3 = 0. (2.9) 
In the same way we find for the numbers Gi: = the number of blocks with i 
points in common with Bl u B, that mz = 4, %I, = 12. This means that 
w.1.o.g. the design has incidence matrix N of the form of Fig. 1, where the 
blanks indicate entries which we cannot specify yet. 
Pl pz p3 p4 p5 *s p7 pi3 p9 PI0 
FIGURE 1 
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In order to continue the investigation we introduce the numbers ai, b, , ci , 
di , ei ,A (i = 5, 6): 
4 = n3.i + n4,i , bi = nssi + ng,i ,..., fi _ n13.i f h4.i * 
From the parameters of D and our previous results (2.5) (2.9) we know that 
ai + di + ei = 2 
bi+di+j,=2 
(i = 5, 6). (2.10) 
ci + e, -If; = 2 
It follows that w.1.o.g. there are only four possibilities for the submatrix 
defined by B, to B,, and P, , P, . These are 
Type A: a5 = fs = 2; b, = cg = d, = e, = 1; 
Type B: bj = cg = dj = es = 1; b,=c,=d,=e,= 1; 
Type C: a5 = fs = 2; b, = e6 = 2; 
(2.11) 
Type D: b, = cg = d, = e3 = 1; a, = cg = dG =fa = 1. 
The square matrices formed by rows 2i - 1 and 2i (2 < i < 7) and columns 5 
and 6 will always have the form (ti), (ii), (g), (it), or (,‘a. We now replace the 
description of D with the matrix N by a new matrix which contains much more 
information. From (2.4) and (2.5) we know that the 18 blocks of D occur in 
9 pairs depending on n, = I or n4 = 1. If the blocks Bi and Bj are a pair of 
type { 112”3’) with Bi r\ Bj = {PJ we replace the matrix elements nik = 
nj, = 1 by X. If Bi and Bj are a pair of type {2123441} then by a permutation G 
of points and blocks we obtain the form of Fig. 1. Then we decide which of 
the four types of (2.11) the two blocks represent. If this is type A, say, we 
replace ~l;j (i --= 1, 2, 1 <j < 4) by A and lt1,5 and n2,6 by a. Then by 0-l the 
blocks are brought in their original position. This is done for all the pairs of 
blocks. As a result N is transformed into a matrix N” where $j ::: 0 iff 
nij ==I 0, whereas rzc can take the values A, B, C, D, a, b, c, d, x, or 1 if 
nij == I. In Fig. 2 we give a first example. Here Bl and B2 are a pair of blocks 
of type {2123441} A as described above. The same is true for B3 and Blj, 
respectively B4 and BIG . Since B, n B,, = {P7) we have n& = n&r =z~ x, etc. 
From this representation we can now distinguish between the points Pi by 
considering the entries in the corresponding columns of N*. In Fig. 2 we shall 
call P, a point of type A4a, P, of type A2x2, etc. Clearly two block designs can 
only be isomorphic if their sets of types of points are the same. In Fig. 2 the 
point PG is the only point of type a 3. Hence it must be fixed for every auto- 
morphism of the design. In the same way P, can only be mapped into P, , P, , 
or P, . One easily checks by hand that the automorphism group is the cyclic 
group of order 6 generated by the permutation (1, 2. 5)(3, 9, 8, 4, 10, 7). 
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Bl 
B2 
B3 
B4 
85 
Bti 
B7 
B6 
% 
%a 
%I 
BlZ 
813 
B14 
815 
Blfi 
BIT 
%a 
Pl Pz p3 P‘ 
A A A A 
R A A A 
R a 
a A 
1 1 
1 1 
1 1 
1 1 
1x 
11 
1 x 
1 1 
x 1 
1x 
A A a A A 
A A a A A 
1 1 1 lx 
1 1 1 1 x 
p5 PI 5 
- 
a 
a 
A 
A 
1 
1 
1 
1 
1 
1 
p7 PI3 Pg.% 
A A 
A A 
x 1 
11x 
xl 
1 xl 
1 I 
1 x 1 
1 1 
xl1 
1 1 
1 1 
FIGURE 2 
A computer program was written to fill in the empty part of Fig. 1 in all 
possible ways which yield a block design of type {2123441} and these were 
coded using the method described above. It was then a simple matter to check 
that there are 19 nonisomorphic designs in this set. 
In Table I we shall list these designs in the following way (see Fig. 2): The 
matrix N of Fig. 2 is given by . 
A(12, 3, 9, 7, 6, 11, 10, 13, 5, 14, 5, 10, 12, 3, 6, 9): 
where the A shows that B1 and B2 are of type A which then specifies columns 5 
and 6 of the matrix. The columns 7 to 10 of N are specified by reading the 
entries in the rows B3 to BIB as binary numbers. Then A(12, 3,...) means that 
row B3 of the matrix ends in (1, 1, 0,O); the subsequent 3 means that row 
B4 of the matrix ends in (0, 0, 1, l), etc. We then list the column types of N in 
order. For Fig. 2 this would be 
(A%, A%, fPX2, &X2, A%z, 2, &X2, A2X2, A2X2, AZX”). 
Then we list the generators of the automorphism group (i.e., in this case 
only (1, 2, 5)(3, 9, 8,4, 10, 7). The matrix obtained by taking the complement 
of N is not listed separately but it immediately follows N in the list. The 
corresponding column types of is* are listed. Finally we give the number of 
the design in Singhi’s list [5]. The designs with a starred number are self- 
complementary. 
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TABLE 
No. Matrix N 
1 
2 
3 
4 
5* 
6 
7 
8 
9 
10 
11 
12 
D(12, 7, 12, 11,3,6, 5,3, 10, 13,9,14,9, 10,6,5) 
Complement of 1 
0(12,7, 5, 11, 10, 5, 12, 3, 3, 13,9, 14,9, 10,6, 5) 
Complement of 3 
O(12, 7, 5, 11, 9, 6, 6,9, 10, 13, 3, 14, 10, 3, 12, 5) 
0(12,7,6, 11,9,10,9,3,6,13, 5, 14,5,10,12, 3) 
Complement of 6 
O(12, 7, 6, 11, 9, 3,9, 10,6, 13, 5, 14, 12, 3, 5, 10) 
Complement of 8 
D(6, 7, 12, II, 5, 9, 3, 9, 10, 13, 6, 14, 10, 12, 5, 3) 
Complement of 10 
C(10, 5, 10, 5, 14, 13, 11, 7, 9, 6, 9, 6, 3, 12, 12, 3) 
D?? D4 D?? 
Daxa x4 D=x= 
De D2x2 Da 
x= x4 x= 
De Da D= 
Da D= D= 
x2 x2 x= 
D4 D=d D4 
Dax2 D=d Dax2 
D4 D4 D4 
Aax2 Aaxa A2x2 
C”bx4 CeBeb CZBeb 
13 
14* 
Complement of 12 
C(10, 5,9, 6, 14, 13, 11,7, 9, 6, 10, 5, 3, 12, 12, 3) 
B4bti B4b B4b 
PB=b CaBab C2B2b 
15* A(12, 3,9, 11, 6, 7, 6, 14, 9, 13, 10, 5, 12, 3, 5, 10) ASa ABa Asa 
16 x4(10, 5, 9, 11,6,7, 6, 14,9, 13, 12, 3, 12, 3, 5, 10) ABD’ ABD4 A=D4 
17 
18* 
19* 
Complement of 16 
A(9, 6, 10, 7, 3, 13, 12, 11, 5, 14, 9,6, 12, 3, 5, 10) 
A(lO,S, 6, 11,9,7,9, 14,6, 13, 12, 3, 12,3,5, 10) 
A4x2 A’x2 A4x2 
A2 A2 A2 
A= A2 A= 
We make several observations from the table. First of all we see that the 
number of blocks of type {2223441} can be 0 (see section B), 2,4, 6, 10, or 18, 
but that this number does not determine the design unless it is 18. However, 
the column code set for N does completely specify the design. 
From this one can see that the design in Fig. 2 is isomorphic to design 11. 
It is surprising that designs 12 and 13 are the only complementary pair in 
which two points with the same column code for one of them can have 
different column codes for the other. 
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I 
Columns of N* 
Automorphism group 
generators Singhi 
Dad D”d da D=x= x4 Da x4 
dx2 dx= da D2x2 D4 D= D4 
D= dx2 d x2 x* x= x* 
xe dx2 d Da D2x2 D= D2xa 
D2 dx4 dx4 x2 x= x2 x2 
De d dx4 x2 x” x2 x2 
xa a ax4 AZ A2x4 A2 A2 
D2d d3 D&d Dexa D4x2 x6 D2x2 
Dad ad2 ax” A=D= Aex4 A2DP AaD 
D” dx4 d3 dx4 D” D4 dx4 
Aax A4a a3 A4a A2x2 A2x2 A4a 
C4bx4 cB4 cB4 C2B=b CeBsb cB4 cB4 
B4bx4 B4b B’b B4b B4b B4b B4b 
C2BBb B4cx4 B4cx4 B4b B4b B4b B4b 
A8a Asa as 
ABD4 ax8 ad4 
A4xa A8a a5 
Aa ax* ax4 
A2 ax8 a 
A8a A*a A8a A8a 
D4d D4d D4d D4d 
A4a A4a A4a A4a 
x= x2 x= x2 
x2 x2 x2 x2 
(1) &(D,) 
JMD,) 
(1) ROB) 
RdDe) 
(1,4)(2,3X7,10)@, 9) RI(&) 
u,3m, 4)(7, 10) Rd&) 
RI@~) 
u,3m 4)(7,10) MDJ 
R&?J 
(1>3,9,2,4, W, 7, 10) MD& 
Rd&) 
(2, 3X5, 6), (7, 8X9,10>, Rz(DP) 
(2,7X3, 8X5,9)(6, 1% and 
(1,4X5,6)(9,10) 
&(Ds) 
u,4w, 3), (7,8)(9, lo), &(Ds) 
(2,3X5,6)(9, lo), and 
(1,2)(3,4)(7,9m 10) 
(1, 5, 2)(3,8,9,4,7, ~9, &@‘a) 
0,4,2, 3X7,9, l&8), and 
(1,4)(2,3m 9) 
(L’W7,9X3, 10) and JWM 
(1, 3n 4)(7, 10) 
MDA 
(1, 2)(3,4)(7, m8,9) MDA 
(1, 2)(7,9)(8, lo), 
(3,4)(7,8X9, lo>, and 
(1, 3)(2,4)(7,10) MD3 
Design 15 can be put into a more interesting form. 
Applying thepermutationsg = (PI, P, , P5, Pz , PI0 , Pa, P, , P3, Ps , Ps) 
and (4 , Blo9 Bls9 4, , & , Bll ,B5 , &J(& , Bls, B,)(B4 , B15, Bs)(Bs, 4, , 
B14 , B,,) to this design (the only design with 18 blocks of type (2123441)) 
yields Fig. 3. Clearly any automorphism (7~, u), T acting on the points, (T 
acting on the blocks, fixes Q, , fixes the blocks Ci setwise, and fixes the blocks 
Di setwise; i.e., u = 0, . u2 , where q is a permutation of the blocks Ci and CT~ 
is a permutation of the blocks Dp . 
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From the entries a on the diagonal in al + U, we deduce that T(QJ = 
Qj o uz(Di) = Dj . Moreover from the matrices U in U and aZ + U we 
learn that a,(DJ = Dj iff q(C) = Cj . 
Q 
5 a 
5 a 
C3 a 
C4 = 
% a 
% = 
% a 
53 a 
C9 a 
% 
D2 
D3 
D4 
=5 
D‘.i 
D7 
=n 
D9 
QQQQQQQQQ 12345678 
A A A A 
A A A A 
A A A A 
A A A A 
A A A A 
A A A A 
A A A A 
A A A A 
A A A A 
a A A A A 
a A A A A 
A a A A A 
A a A A A 
A A a A A 
A A A a A 
A A A a A 
A A A A a 
A A A A a 
a.i U 
=E3 0 a1cu 
FIGURE 3 
We conclude that the group of automorphisms is the group of simul- 
taneously applied row and column permutations leaving the following matrix 
invariant: 
123456789 
1111 
1 1 11 
1 11 1 
1 1 1 1 
1 1 11 
111 1 
1 1 1 1 
1 1 1 1 
1 1 1 1 
One can easily check that the following three permutations are in G: 
g, = (1, 9, 6)(2, 8,4, 3, 7, 5); 
g, = (2, 3, 5, 4)(6, 8, 9, 7); 
g, = (2, 5X6, 0739). 
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From these three permutations it is clear that G acts transitively on the 
columns. Moreover g, and g, are in the stabilizer of 1. Since each permutation 
in the stabilizer of 1 maps each of the sets (2, 3,4, 5) and (6, 7, 8, 9} onto 
itself, it follows rather easily that the stabilizer of 1 is in fact the dihedral 
group of order 8 generated by g, and g, . 
Returning to our original design 15 we remark that it has a group of 
automorphisms generated by g-lgi , i = 1, 2, 3, i.e., by 
(Pl 9 p, 2 p2xp3 3 p, , p, 3 p4 > p, > Pld~ 
(Pl 2 p4 2 pz > P&P, 9 p, 9 PlO 2 Pd? 
and (P1 , P4)(P2 , f’J(P8 , Pd. 
3. DESIGNS OF TYPE {112s37}1s 
In order to make a computer search for this case feasible we first examine 
which standard forms we can let the matrix N take by applying suitable 
permutations on the points and blocks. 
First assume that j B, n B, n B, / = 3. Then w.1.o.g. we have B1 = 
PI, P, > f’s, f’z, , f’s), B, = PI 3 Pz 2 J’s, P, 3 PA & = V’l, P, , Ps 3 P, , PJ. 
Then w.1.o.g. B,, , B5, and B, meet {PI, Pz , P3) in two points and the re- 
maining blocks each contain one point from this triple. This fixes the first 
three columns of N. There are four blocks which do not contain P4 and do not 
contain P, . Exactly one of these must have a number >6. So we may assume 
the remaining one is B4. From this argument we see that w.1.o.g. B4 = 
@‘I, P, , P, , P, > PI& Bs = @‘I 3 f’s, Ps 3 P, 5 PI,,>, & = V’s, Pz, P, , P, , 
Plo}. So, we now have the first six rows of N. The block Bi with 1 Bi n Bl [ = 1 
can be any block with i > 6. So w.1.o.g. we take it to be B, . This fixes column 
4 and 5 of N. Now only one-third of N remains to be filled in. This could be 
done by hand but we used a computer check which showed that the matrix 
could not be completed. So this shows that we cannot have three blocks with 
three points in common. 
Now w.1.o.g. we may assume that Bl = {P, , Pz , P3, P, , P5}, B, = 
{PI , P, , P, , P, , Pg}, and furthermore that PI occurs in B3 to B, . Since Bl 
and B2 are of type {112g37} it follows that two of the blocks B3 to B, intersect 
{Pz , P3 , P4 , P5} in one point and the others have two points from this set. 
So we may take nas2 G n4,3 = 1 (since II 3,2 = n4,2 = 1 is clearly impossible). 
Again w.l.0.g. we may take nss2 = n6,2 = 1 and either nbs3 = IZ~ 4 =l or 
n5,4 = PZ~,~ = 1. In the same way as above it is now straightforward to complete 
the first five columns of N (as the reader can easily check by hand). 
Hence, we now have two possibilities for the left half of N. Again a computer 
completed the matrices under the side condition that all blocks were to be of 
type {112g3i). This search yielded the following two nonisomorphic designs: 
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Pl p2 p3 P4 P5 P6 p7 PE? P9 p 
x1111 
x 1111 
1 1 x 1 1 
1 1 1 x 1 
111 1 x 
1 x 1 11 
1 1 1 x 1 
1 lx 11 
1 x 1 11 
1 1 x 11 
1 x 1 1 1 
1 1 x 1 1 
x 111 1 
1 1 1 1 x 
11 1 x 1 
x 1 1 1 1 
1 x 111 
11 11 x 
10 '1 '2 '3 '4 '5 '6 '7 '8 '9 'j 
xl111 
x 1111 
11 11 x 
1 1 x 1 1 
1x 1 11 
11 1 1 x 
1 lx 1 1 
1 x 1 1 1 
1 1 x 11 
1x1 1 1 
x 1 111 
11 1x1 
1 x 11 1 
1 xl 11 
11 1 Xl 
1 1 11.x 
11x1 1 
111 x 1 
Here, as before we have replaced the appropriate I’s by x’s, e.g., n,*, = n& = x 
because Bl r\ B, = {PI}. 
The first design is Singhi’s R,(D,). The automorphism group of this design 
is the cyclic group of order 9 generated by (1,2,7,4, 10, 3, 5, 6, 9) which has 
two orbits on the blocks, one consisting of the nine blocks which contain P, . 
The second design is Singhi’s R1(D2). This also has a cyclic automorphism 
group with generator (1,2, 9, 5, 10, 8, 6, 3,4). 
One way of checking these automorphism groups is by observing that any 
automorphism fixing Pi must also fix Pi*, where Pi* is the point not con- 
tained in the union of the two blocks of which {Pi} is the intersection. 
By the transitivity on 9 of the 10 points and by the fact that in design 20 
Bl is of “type” n5,3 = Q,~ = 1, B2 is of type Q,~ = G~,~ = 1 (after applying 
the permutation (Pz , P,)(P, , PB)(P4, P,)(P5, P,) while in design 21 Bl and 
B, are both of the second type, it follows that designs 20 and 21 are indeed 
nonisomorphic. 
At this point one can easily see which of our 21 designs are mentioned in 
the article by Preece. His design (i) has number 21 in this article, similarly one 
finds the pairs (ii, 20), (iii, 15), (iv, 16), and (v, 17). 
4. THE MAIN THEOREM 
At this point we can formulate and prove the main result of this paper. 
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THEOREM. There exist exactly 21 nonisomorphic BD(10, 5; 18, 9, 4). 
Each of these designs is embeddable in a symmetric design. 
Proof. From Sections 2 and 3 it follows that there are exactly 21 non- 
isomorphic B&10, 5; 18, 9, 4). The fact that all these designs are embeddable, 
results from the paper of Singhi, in which he shows that the number of 
nonisomorphic embeddable BD(lO, 5; 18, 9, 4) is 21. 1 
REFERENCES 
1. K. N. B&TACHARYA, A new balanced incomplete block design, Sci. Cult. 9 (1944), 508. 
2. R. B. BROWN, A new nonexistensible (16, 24, 9, 6, 3)-design, J. Combinatorial Theory 
A 19 (1975), 115-116. 
3. M. HALL, JR., “Combinatorial Theory,” Blaisdell, Waltham, Mass., 1967. 
4. D. A. PREECE, Incomplete block designs with u = 2k, Sankhyci A 29 (1967), 305-316. 
5. N. M. SINGHI, (19, 9, 4) Hadamard designs and their residual designs, J. Combinatorial 
Theory A 16 (1974), 241-252. 
